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Navier Stokes equations in an exterior domain

8
>>><

>>>:

@tu + u � r u � � u + r p = f;
div u = 0;
u(0; �) = u0(�); x 2 
 ; t � 0
u(x; t ) = 0 ; x 2 @
 ; t � 0
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uid 
ow outside a convex compact obstacleK


 = R3� K
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Motivations
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Motivations

modeling of aircrafts

Dispersive estimates for acoustic waves { p.5/46



Motivations
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Motivations

blood 
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Existence Leray '34

u satis�es the NS equation in the sense of distribution

Z T

0

Z




�
r u � r ' � ui uj @i ' j � u �

@'
@t

�
dxdt

=
Z T

0
hf; ' i H � 1 � H 1

0
dxdt +

Z



u0 � 'dx;

for all ' 2 C1
0 (
 � [0; T]), div ' = 0 anddiv u = 0 in

D0(
 � [0; T])
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0
dxdt +
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u0 � 'dx;

for all ' 2 C1
0 (
 � [0; T]), div ' = 0 anddiv u = 0 in D0(
 � [0; T])

the following energy inequality hold

1
2

Z



ju(x; t )j2dx + �

Z t

0

Z



jr u(x; t )j2dxds

�
1
2
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ju0j2dx +

Z t

0
hf; u i H � 1 � H 1

0
ds; for all t � 0:
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Arti�cial compressibility in 


8
<

:
@tu" + r p" = � � u" � (u" � r ) u" �

1
2
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The hyperbolicityof the approximation providesdispersive estimates

The convergence will be obtained viadispersion and not via

compactness
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Leray Projectors

Q = r � � 1
N div projection on gradient vector �elds

P = I � Q projection on divergence - free vector �elds
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Main Theorem

Let (u" ; p" ) be a sequence of weak solution in
 of the previous
system, then

(i) u" * u weakly inL2
t

_H 1
x
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Main Theorem

Let (u" ; p" ) be a sequence of weak solution in
 of the previous
system, then

(i) u" * u weakly inL2
t

_H 1
x

(ii) Qu" �! 0 strongly inL2
t Lp

x , for anyp 2 [4; 6)

(iii) Pu" �! Pu = u strongly inL2
t L2

locx

(iv) The sequencef p" g will converge in the sense of distribution to

p = � � 1 div (( u � r )u) = � � 1tr ((Du)2):
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(v) u = Pu is a Leray weak solution to the incompressible Navier
Stokes equation

P(@tu � � u + ( u � r )u) = 0 in D0([0; T] � 
) ;

u(x; 0) = u0(x) uj@
 = 0
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u(x; 0) = u0(x) uj@
 = 0

(vi) The following energy inequality holds

1
2

Z



ju(x; t )j2dx +

Z T

0

Z



jr u(x; t )j2dxdt �

1
2

Z



ju(x; 0)j2dx:
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(v) u = Pu is a Leray weak solution to the incompressible Navier
Stokes equation

P(@tu � � u + ( u � r )u) = 0 in D0([0; T] � 
) ;

u(x; 0) = u0(x) uj@
 = 0

(vi) The following energy inequality holds

1
2

Z



ju(x; t )j2dx +

Z T

0

Z



jr u(x; t )j2dxdt �

1
2

Z



ju(x; 0)j2dx:

(!!) For u" the trace operator commutes with the limit, this is not
true for p" .
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Energy estimates
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1
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"
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�
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Energy estimates
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1
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�
1
2

ju" (x; t )j2 +
"
2

jp" (x; t )j2
�

dx

E(t) +
Z t

0

Z



jr u" (x; s)j2dxds = E(0)

+

p
"p" bd. in L1

t L2
x , "p"

t relatively compact inH � 1
t;x

r u" bd. in L2
t;x ; u" bd. in L1

t L2
x \ L2

t L6
x ;

(u" �r )u" bd. in L2
t L1

x \ L1
t L3=2

x ; (div u" )u" bd. in L2
t L1

x \ L1
t L3=2

x
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Estimates on Qu" - Part 1

Qu" = r � � 1
N div u"
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Pressure wave equation

Di�erentiate in t the \pressure equation"

"@tt p" + div @tu" = 0
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Di�erentiate in t the \pressure equation"
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Pressure wave equation

Di�erentiate in t the \pressure equation"

"@tt p" + div @tu" = 0

taking the divergence of the �rst equation

"@tt p" � � p" = � � div u" + div
�

(u" � r ) u" +
1
2

(div u" )u"
�

changing the time scale:t =
p

" �

~u(x; � ) = u" (x;
p

" � ); �p(x; � ) = p" (x;
p

" � )

@� � �p � � � p= � � div ~u + div
�

(~u � r ) ~u +
1
2

(div ~u)~u
�
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Pressure wave equation

Di�erentiate in t the \pressure equation"

"@tt p" + div @tu" = 0

taking the divergence of the �rst equation

"@tt p" � � p" = � � div u" + div
�

(u" � r ) u" +
1
2

(div u" )u"
�

changing the time scale:t =
p

" �

~u(x; � ) = u" (x;
p

" � ); �p(x; � ) = p" (x;
p

" � )

@� � �p � � � p = � �div ~u| {z }
L 2

t;x

� div
�

(~u � r ) ~u +
1
2

(div ~u)~u
�

| {z }
L 1

t L 3=2
x
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Strichartz Estimates
8
><

>:

wtt � � w = F
w(0; �) = f
@tw(0; �) = g

(x; t ) 2 Rd � [0; T]

Dispersive estimates for acoustic waves { p.16/46



Strichartz Estimates
8
><

>:

wtt � � w = F
w(0; �) = f
@tw(0; �) = g

(x; t ) 2 Rd � [0; T]

sup
t2 [0;T ]

(kwk _H 1
x

+ kwtkL 2
x
) � k f k _H 1

x
+ kgkL 2

x
+

Z T

0
kF kL 2

x
ds:
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Strichartz Estimates
8
><

>:

wtt � � w = F
w(0; �) = f
@tw(0; �) = g

(x; t ) 2 Rd � [0; T]

sup
t2 [0;T ]

(kwk _H 1
x

+ kwtkL 2
x
) � k f k _H 1

x
+ kgkL 2

x
+

Z T

0
kF kL 2

x
ds:

we would like to have

kwkL q
t L r

x
� k f k _H 


x
+ kgk _H 
 � 1

x
+ kF k

L ~q0
t L ~r 0

x

 small
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Strichartz Estimates
8
><

>:

wtt � � w = F
w(0; �) = f
@tw(0; �) = g

(x; t ) 2 Rd � [0; T]

sup
t2 [0;T ]

(kwk _H 1
x

+ kwtkL 2
x
) � k f k _H 1

x
+ kgkL 2

x
+

Z T

0
kF kL 2

x
ds:

we would like to have

kwkL q
t L r

x
� k f k _H 


x
+ kgk _H 
 � 1

x
+ kF k

L ~q0
t L ~r 0

x

 small

Strichartz (1977) proved that

kwkL 4
t;x

� k f k _H 1=2
x

+ kgk _H � 1=2
x

+ kF kL 4=3
t;x
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Idea of the proof

Strichartz realized that these estimates are related to therestriction

theorem for the Fourier transform.
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Idea of the proof

Strichartz realized that these estimates are related to therestriction
theorem for the Fourier transform.

Fourier transform: f̂ (� ) =
Z

Rd
e� ix� dx

Restriction mapping: Rf = f̂ jS S � Rd hypersurface
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Idea of the proof

Strichartz realized that these estimates are related to therestriction
theorem for the Fourier transform.

Fourier transform: f̂ (� ) =
Z

Rd
e� ix� dx

Restriction mapping: Rf = f̂ jS S � Rd hypersurface

S has the(p;2) restriction property if

kRf kL 2 (S) � k f kL p (Rd ) :
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Idea of the proof

Strichartz realized that these estimates are related to therestriction
theorem for the Fourier transform.

Fourier transform: f̂ (� ) =
Z

Rd
e� ix� dx

Restriction mapping: Rf = f̂ jS S � Rd hypersurface

S has the(p;2) restriction property if

kRf kL 2 (S) � k f kL p (Rd ) :

If S = sphere� R3, then 1 � p � 4
3
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kwkL q
t L r

x
� k f k _H 


x

then if � is a cuto� function (localizing in frequencies)
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kwkL q
t L r

x
� k f k _H 


x

then if � is a cuto� function (localizing in frequencies)

w(t; x ) =
Z

Rd
eix� eit j� j � (� )f̂ (� )d� := T f (t; x )
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kwkL q
t L r

x
� k f k _H 


x

then if � is a cuto� function (localizing in frequencies)

w(t; x ) =
Z

Rd
eix� eit j� j � (� )f̂ (� )d� := T f (t; x )

kwkL q
t L r

x
� k f kL 2 () k T f kL q

t L r
x

� k f kL 2 (� )

T : L2
� ! Lq

t L r
x () T � : Lq0

t L r 0

x ! L2
� () TT � : Lq0

t L r 0

x ! Lq
t L r

x

T � is the adjoint operator ofT , (q0; r 0) are the dual exponent of(q; r)
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kwkL q
t L r

x
� k f k _H 


x

then if � is a cuto� function (localizing in frequencies)

w(t; x ) =
Z

Rd
eix� eit j� j � (� )f̂ (� )d� := T f (t; x )

kwkL q
t L r

x
� k f kL 2 () k T f kL q

t L r
x

� k f kL 2 (� )

T : L2
� ! Lq

t L r
x () T � : Lq0

t L r 0

x ! L2
� () TT � : Lq0

t L r 0

x ! Lq
t L r

x

T � is the adjoint operator ofT , (q0; r 0) are the dual exponent of(q; r)

T �f (x) =
Z

Rd
eix� � (� ) ~f (j� j; � )d� dT �f (� ) ' � (� ) ~f (j� j; � ) = Rf (� )
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kwkL q
t L r

x
� k f k _H 


x

then if � is a cuto� function (localizing in frequencies)

w(t; x ) =
Z

Rd
eix� eit j� j � (� )f̂ (� )d� := T f (t; x )

kwkL q
t L r

x
� k f kL 2 () k T f kL q

t L r
x

� k f kL 2 (� )

T : L2
� ! Lq

t L r
x () T � : Lq0

t L r 0

x ! L2
� () TT � : Lq0

t L r 0

x ! Lq
t L r

x

T � is the adjoint operator ofT , (q0; r 0) are the dual exponent of(q; r)

T �f (x) =
Z

Rd
eix� � (� ) ~f (j� j; � )d� dT �f (� ) ' � (� ) ~f (j� j; � ) = Rf (� )

� = f (�; � ) j � = j� j > 0g=light cone kT �f kL 2 = kRf kL 2 (�)
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kwkL q
t L r

x
� k f k _H 


x

then if � is a cuto� function (localizing in frequencies)

w(t; x ) =
Z

Rd
eix� eit j� j � (� )f̂ (� )d� := T f (t; x )

kwkL q
t L r

x
� k f kL 2 () k T f kL q

t L r
x

� k f kL 2 (� )

T : L2
� ! Lq

t L r
x () T � : Lq0

t L r 0

x ! L2
� () TT � : Lq0

t L r 0

x ! Lq
t L r

x

T � is the adjoint operator ofT , (q0; r 0) are the dual exponent of(q; r)

T �f (x) =
Z

Rd
eix� � (� ) ~f (j� j; � )d� dT �f (� ) ' � (� ) ~f (j� j; � ) = Rf (� )

� = f (�; � ) j � = j� j > 0g=light cone kT �f kL 2 = kRf kL 2 (�)

(� ) is equivalent toR : Lq0

t L r 0

x ! L2(�) is bounded for suitable (q,r)
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao('98))

wtt � � w = F w(0; �) = f; @tw(0; �) = g; (x; t ) 2 Rd � [0; T]
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao('98))

wtt � � w = F w(0; �) = f; @tw(0; �) = g; (x; t ) 2 Rd � [0; T]

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

x

+ kgk _H 
 � 1
x

+ kF kL ~q0
t L ~r 0

x
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao('98))

wtt � � w = F w(0; �) = f; @tw(0; �) = g; (x; t ) 2 Rd � [0; T]

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

x

+ kgk _H 
 � 1
x

+ kF kL ~q0
t L ~r 0

x

(q; r), (~q;~r ) are wave admissible pairs if

 ((d-3)/2(d-2),1/2)

1/q

1/r

1/2

1/2

q; r; ~q;~r � 2
2
q � (d � 1)

� 1
2 � 1

r

�

2
~q � (d � 1)

� 1
2 � 1

~r

�

1
q + d

r = d
2 � 
 = 1

~q0 + d
~r 0 � 2
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Strichartz d=3

1/r1/2

1/2

1/q

q; r; ~q;~r � 2
1
q � 1

2 � 1
r

1
~q � 1

2 � 1
~r

1
q + 3

r = 3
2 � 
 = 1

~q0 + 3
~r 0 � 2

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

x

+ kgk _H 
 � 1
x

+ kF kL ~q0
t L ~r 0

x
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Strichartz d=3

S

1/q

1/2

1/2 1/r

q; r; ~q;~r � 2
1
q � 1

2 � 1
r

1
~q � 1

2 � 1
~r

1
q + 3

r = 3
2 � 
 = 1

~q0 + 3
~r 0 � 2

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

x

+ kgk _H 
 � 1
x

+ kF kL ~q0
t L ~r 0

x

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

x
+ kgk _H � 1=2

x
+ kF kL 4=3

t;x
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Strichartz d=3

S

1/q

1/2

1/2 1/r

q; r; ~q;~r � 2
1
q � 1

2 � 1
r

1
~q � 1

2 � 1
~r

1
q + 3

r = 3
2 � 
 = 1

~q0 + 3
~r 0 � 2

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

x

+ kgk _H 
 � 1
x

+ kF kL ~q0
t L ~r 0

x
;

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

x
+ kgk _H � 1=2

x
+ kF kL 4=3

t;x

if d = 3 , (~q0; ~r 0) = (1 ; 3=2), then 
 = 1=2 and (q; r) = (4 ; 4)
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Strichartz d=3

S

1/q

1/2

1/2 1/r

q; r; ~q;~r � 2
1
q � 1

2 � 1
r

1
~q � 1

2 � 1
~r

1
q + 3

r = 3
2 � 
 = 1

~q0 + 3
~r 0 � 2

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

x

+ kgk _H 
 � 1
x

+ kF kL ~q0
t L ~r 0

x
;

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

x
+ kgk _H � 1=2

x
+ kF kL 4=3

t;x

if d = 3 , (~q0; ~r 0) = (1 ; 3=2), then 
 = 1=2 and (q; r) = (4 ; 4)

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

x
+ kgk _H � 1=2

x
+ kF kL 1

t L 3=2
x
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Strichartz d=3

S

1/q

1/2

1/2 1/r

q; r; ~q;~r � 2
1
q � 1

2 � 1
r

1
~q � 1

2 � 1
~r

1
q + 3

r = 3
2 � 
 = 1

~q0 + 3
~r 0 � 2

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

x

+ kgk _H 
 � 1
x

+ kF kL ~q0
t L ~r 0

x
;

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

x
+ kgk _H � 1=2

x
+ kF kL 4=3

t;x

if d = 3 , (~q0; ~r 0) = (1 ; 3=2), then 
 = 1=2 and (q; r) = (4 ; 4)

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

x
+ kgk _H � 1=2

x
+ kF kL 1

t L 3=2
x

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

x
+ kgk _H 1=2

x
+ kF kL 1

t L 2
x
:
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Strichartz estimates on exterior domain 


(Smith, Sogge, Metcalf, Burq)

8
>>><

>>>:

�
@2

t � �
�

w(t; x ) = F (t; x ); (t; x ) 2 R+ � 

w(0; �) = f (x) 2 _H 


D

@tw(0; x) = g(x) 2 _H 
 � 1
D

w(t; x ) = 0 ; x 2 @
 ;

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

D

+ kgk _H 
 � 1
D

+ kF k
L ~q0

t L ~r 0
x
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Strichartz estimates on exterior domain 


(Smith, Sogge, Metcalf, Burq)

8
>>><

>>>:

�
@2

t � �
�

w(t; x ) = F (t; x ); (t; x ) 2 R+ � 

w(0; �) = f (x) 2 _H 


D

@tw(0; x) = g(x) 2 _H 
 � 1
D

w(t; x ) = 0 ; x 2 @
 ;

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

D

+ kgk _H 
 � 1
D

+ kF k
L ~q0

t L ~r 0
x

� 2 C1
0 (Rd); � (x) = 1 on fj xj � Rg

kf k _H 

D

= k�f kH 
 (
) + k(1 � � )f k _H 
 (Rd ) � j f j@
 = 0; 2j < 
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Strichartz estimates on exterior domain 


(Smith, Sogge, Metcalf, Burq)

8
>>><

>>>:

�
@2

t � �
�

w(t; x ) = F (t; x ); (t; x ) 2 R+ � 

w(0; �) = f (x) 2 _H 


D

@tw(0; x) = g(x) 2 _H 
 � 1
D

w(t; x ) = 0 ; x 2 @
 ;

kwkL q
t L r

x
+ k@twkL q

t W � 1;r
x

. kf k _H 

D

+ kgk _H 
 � 1
D

+ kF k
L ~q0

t L ~r 0
x

� 2 C1
0 (Rd); � (x) = 1 on fj xj � Rg

kf k _H 

D

= k�f kH 
 (
) + k(1 � � )f k _H 
 (Rd ) � j f j@
 = 0; 2j < 



 is nontrapping, there isLR , such that non geodesic of lenghtLR

is completely contained infj xj � Rg \ 
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension

exponentialdecay of the local energy of solutions of the
wave equation with compactly supported initial data

k�u kH 

D (
) + k�@tukH 
 � 1

D (
) � Ce� � jt j(kf kH 

D (
) + kgkH 


D (
) )
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension

exponentialdecay of the local energy of solutions of the
wave equation with compactly supported initial data

k�u kH 

D (
) + k�@tukH 
 � 1

D (
) � Ce� � jt j(kf kH 

D (
) + kgkH 


D (
) )

Burq (2004), Metcalfe (2003) proved global Strichartz
estimates in even space dimension
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension

exponentialdecay of the local energy of solutions of the
wave equation with compactly supported initial data

k�u kH 

D (
) + k�@tukH 
 � 1

D (
) � Ce� � jt j(kf kH 

D (
) + kgkH 


D (
) )

Burq (2004), Metcalfe (2003) proved global Strichartz
estimates in even space dimension

Local energy decay

k�u kH 

D (
) + k�@tukH 
 � 1

D (
) � Cjtj� d=2(kf kH 

D (
) + kgkH 


D (
) )
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Pressure wave equation
8
>>><

>>>:

@� � �p � � � p = � � div ~u + div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

;
�p(x; 0) = p"

0(x);
@� �p(x; 0) = " � 1=2 div u"

0(x);
�p(x; t )j@
 = p"

0(x)j@


for �xed " smoothing of initial data
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Pressure wave equation
8
>>><

>>>:

@� � �p � � � p = � � div ~u + div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

;
�p(x; 0) = p"

0(x);
@� �p(x; 0) = " � 1=2 div u"

0(x);
�p(x; t )j@
 = p"

0(x)j@


for �xed " smoothing of initial data

we need homogenous boundary conditions:
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Pressure wave equation
8
>>><

>>>:

@� � �p � � � p = � � div ~u + div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

;
�p(x; 0) = p"

0(x);
@� �p(x; 0) = " � 1=2 div u"

0(x);
�p(x; t )j@
 = p"

0(x)j@


for �xed " smoothing of initial data
we need homogenous boundary conditions:

~p = �p � p"
0
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Pressure wave equation
8
>>><

>>>:

@� � �p � � � p = � � div ~u + div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

;
�p(x; 0) = p"

0(x);
@� �p(x; 0) = " � 1=2 div u"

0(x);
�p(x; t )j@
 = p"

0(x)j@


for �xed " smoothing of initial data
we need homogenous boundary conditions:

~p = �p � p"
0

8
><

>:

@� � ~p � �~p = � � div ~u + div r p"
0 + div

�
(~u � r ) ~u + 1

2(div ~u)~u
�

~p(x; 0) = @� ~p(x; 0) = 0
~pj@
 = 0:

Dispersive estimates for acoustic waves { p.23/46



Pressure wave equation
8
>>><

>>>:

@� � �p � � � p = � � div ~u + div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

;
�p(x; 0) = p"

0(x);
@� �p(x; 0) = " � 1=2 div u"

0(x);
�p(x; t )j@
 = p"

0(x)j@


for �xed " smoothing of initial data
we need homogenous boundary conditions:

~p = �p � p"
0

8
>>>>><

>>>>>:

@� � ~p � �~p = � �div ~u| {z }
L 2

t;x

+ div r p"
0|{z}

L 2
x

+ div ((~u � r ) ~u +
1
2

(div ~u)~u)
| {z }

L 1
t L 3=2

x

~p(x; 0) = @� ~p(x; 0) = 0
~pj@
 = 0:
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~p = ~p1 + ~p2 where~p1 and ~p2 solve the following wave equations:
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~p = ~p1 + ~p2 where~p1 and ~p2 solve the following wave equations:
8
><

>:

2 ~p1 = � � div ~u + div r p"
0

~p1(x; 0) = @� ~p1(x; 0) = 0
~p1j@
 = 0;

8
><

>:

2 ~p2 = div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

~p2(x; 0) = @� ~p2(x; 0) = 0
~p2j@
 = 0:
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~p = ~p1 + ~p2 where~p1 and ~p2 solve the following wave equations:
8
><

>:

2 ~p1 = � � div ~u + div r p"
0

~p1(x; 0) = @� ~p1(x; 0) = 0
~p1j@
 = 0;

8
><

>:

2 ~p2 = div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

~p2(x; 0) = @� ~p2(x; 0) = 0
~p2j@
 = 0:

we apply

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

D
+ kgk _H � 1=2

D
+ kF kL 1

t L 2
x

to w = � � 1~p1

k~p1kL 4
� W � 2;4

x
+ k@� ~p1kL 4

� W � 3;4
x

.

p
T

"1=4
k div ~ukL 2

� L 2
x

+
T

"1=2
kp"

0kL 2
x
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~p = ~p1 + ~p2 where~p1 and ~p2 solve the following wave equations:

8
><

>:

2 ~p1 = � � div ~u + div r p"
0

~p1(x; 0) = @� ~p1(x; 0) = 0
~p1j@
 = 0;

8
><

>:

2 ~p2 = div
�
(~u � r ) ~u + 1

2(div ~u)~u
�

~p2(x; 0) = @� ~p2(x; 0) = 0
~p2j@
 = 0:

we apply

kwkL 4
t;x

+ k@twkL 4
t W � 1;4

x
. kf k _H 1=2

D
+ kgk _H � 1=2

D
+ kF kL 1

t L 3=2
x

to w = � � 1=2~p2

k~p2kL 4
� W � 1;4

x
+ k@� ~p2kL 4

� W � 2;4
x

. k (~u � r ) ~u + 1=2(div ~u)~ukL 1
� L 3=2

x
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Estimate for the pressure

Finally we have the following estimate onp"

"3=8kp" kL 4
t W � 2;4

x
+ "7=8k@tp" kL 4

t W � 3;4
x

. Tkp"
0kL 2

x
+

p
Tk div u" kL 2

t L 2
x

+ k (u" � r ) u" +
1
2

(div u" )u" kL 1
t L 3=2

x
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Estimates on Qu" - Part 2

Qu" = r � � 1
N div u"
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Estimates on Qu" - Part 2

Qu" = r � � 1
N div u" "@tp" = � div u"
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Estimates on Qu" - Part 2

Qu" = r � � 1
N div u" "@tp" = � div u"

Qu" = "r � � 1
N @tp" = "1=8"7=8@tp"
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Estimates on Qu" - Part 2

Qu" = r � � 1
N div u" "@tp" = � div u"

Qu" = "r � � 1
N @tp" = "1=8"7=8@tp"

"7=8k@tp" kL 4
t W � 3;4

x
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Young-type estimates

j 2 C1
0 (
) , j � 0,

R

 jdx = 1 , j � (x) = � � dj

� x
�

�
:

Then the following Young type inequality hold

kf � j � kL p (
) � C� s� d( 1
q � 1

p )kf kW � s;q (
) ;

for anyp; q2 [1; 1 ], q � p, s � 0, � 2 (0; 1).
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Young-type estimates

j 2 C1
0 (
) , j � 0,

R

 jdx = 1 , j � (x) = � � dj

� x
�

�
:

Then the following Young type inequality hold

kf � j � kL p (
) � C� s� d( 1
q � 1

p )kf kW � s;q (
) ;

for anyp; q2 [1; 1 ], q � p, s � 0, � 2 (0; 1).
Moreover for anyf 2 _H 1(
) , one has

kf � f � j � kL p (
) � Cp� 1� � kr f kL 2 (
) ;

where

p 2 [2; 1 ) if d = 2; p 2 [2; 6] if d = 3 and � = d
�

1
2

�
1
p

�
:
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kQu" kL 2
t L p

x
� k Qu" � j � kL 2

t L p
x

+ kQu" � Qu" � j � kL 2
t L p

x
= J1 + J2;
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kQu" kL 2
t L p

x
� kQu" � j � kL 2

t L p
x

+ kQu" � Qu" � j � kL 2
t L p

x
= J1 + J2;

to estimateJ1 we use

kf � j � kL p (
) � C� s� d( 1
q � 1

p )kf kW � s;q (
) ; with s = 2 andq = 4

to get

J1 � "1=8kr � � 1
N "7=8@tp" � j kL 2

t L p
x

� "1=8� � 2� 3( 1
4 � 1

p )k"7=8@tp" kL 2
t W � 3;4

x

� "1=8� � 2� 3( 1
4 � 1

p )T1=4k"7=8@tp" kL 4
t W � 3;4

x
:
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kQu" kL 2
t L p

x
� k Qu" � j � kL 2

t L p
x

+ kQu" � Qu" � j � kL 2
t L p

x

� "1=8� � 2� 3( 1
4 � 1

p )T1=4k"7=8@tp" kL 4
t W � 3;4

x
+ J2;

to estimateJ2 we use

kf � f � j � kL p (
) � Cp� 1� � kr f kL 2 (
) ;

to get

J2 � � 1� 3( 1
2 � 1

p )kQr u" kL 2
t L 2

x
:
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kQu" kL 2
t L p

x
� k Qu" � j � kL 2

t L p
x

+ kQu" � Qu" � j � kL 2
t L p

x

� "1=8� � 2� 3( 1
4 � 1

p )T1=4k"7=8@tp" kL 4
t W � 3;4

x
+ � 1� 3( 1

2 � 1
p )kr u" kL 2

t;x

� CT "1=8� � 2� 3( 1
4 � 1

p ) + C� 1� 3( 1
2 � 1

p )
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kQu" kL 2
t L p

x
� k Qu" � j � kL 2

t L p
x

+ kQu" � Qu" � j � kL 2
t L p

x

� "1=8� � 2� 3( 1
4 � 1

p )T1=4k"7=8@tp" kL 4
t W � 3;4

x
+ � 1� 3( 1

2 � 1
p )kr u" kL 2

t;x

� CT "1=8� � 2� 3( 1
4 � 1

p ) + C� 1� 3( 1
2 � 1

p )

choose
� = "1=18
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kQu" kL 2
t L p

x
� k Qu" � j � kL 2

t L p
x

+ kQu" � Qu" � j � kL 2
t L p

x

� "1=8� � 2� 3( 1
4 � 1

p )T1=4k"7=8@tp" kL 4
t W � 3;4

x
+ � 1� 3( 1

2 � 1
p )kr u" kL 2

t;x

� CT "1=8� � 2� 3( 1
4 � 1

p ) + C� 1� 3( 1
2 � 1

p )

choose
� = "1=18

kQu" kL 2
t L p

x
� CT "

6� p
36p for anyp 2 [4; 6).
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kQu" kL 2
t L p

x
� k Qu" � j � kL 2

t L p
x

+ kQu" � Qu" � j � kL 2
t L p

x

� "1=8� � 2� 3( 1
4 � 1

p )T1=4k"7=8@tp" kL 4
t W � 3;4

x
+ � 1� 3( 1

2 � 1
p )kr u" kL 2

t;x

� CT "1=8� � 2� 3( 1
4 � 1

p ) + C� 1� 3( 1
2 � 1

p )

choose
� = "1=18

kQu" kL 2
t L p

x
� CT "

6� p
36p for anyp 2 [4; 6).

+

Qu" �! 0 strongly inL2
t Lp

x , for anyp 2 [4; 6):
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Convergence on Pu"

Lp compactness (Lions-Aubin theorem)

kPu" (t + h) � Pu" (t)kL 2([0;T ]� 
)
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Convergence on Pu"

Lp compactness (Lions-Aubin theorem)

kPu" (t + h) � Pu" (t)kL 2([0;T ]� 
)

Pz" = Pu" (t + h) � Pu" (t) =
Z t+ h

t
@sPu" (s; x)ds

=
Z t+ h

t
dsP(� u"� (u"�r ) u" �

1
2

u" (div u" ))( s; x)
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Convergence on Pu"

Lp compactness (Lions-Aubin theorem)

kPu" (t + h) � Pu" (t)kL 2([0;T ]� 
)

Pz" = Pu" (t + h) � Pu" (t) =
Z t+ h

t
@sPu" (s; x)ds

=
Z t+ h

t
dsP(� u"� (u"�r ) u" �

1
2

u" (div u" ))( s; x)

convolution techniques
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Convergence on Pu"

Lp compactness (Lions-Aubin theorem)

kPu" (t + h) � Pu" (t)kL 2([0;T ]� 
)

Pz" = Pu" (t + h) � Pu" (t) =
Z t+ h

t
@sPu" (s; x)ds

=
Z t+ h

t
dsP(� u"� (u"�r ) u" �

1
2

u" (div u" ))( s; x)

convolution techniques

kPu" (t + h) � Pu" (t)k2
L 2

t;x
=

Z T

0

Z



dtdx(Pz" ) � (Pz" � Pz" � j � )

+
Z T

0

Z



dtdx(Pz" ) � (Pz" � j � )
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kPu" (t + h) � Pu" (t)k2
L 2([0;T ]� 
) � C(�T 1=2 + h� � 3=2T1=2 + h)
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kPu" (t + h) � Pu" (t)k2
L 2([0;T ]� 
) � C(�T 1=2 + h� � 3=2T1=2 + h)

choose
� = h2=5
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kPu" (t + h) � Pu" (t)k2
L 2([0;T ]� 
) � C(�T 1=2 + h� � 3=2T1=2 + h)

choose
� = h2=5

kPu" (t + h) � Pu" (t)kL 2([0;T ]� 
) � CT h1=5
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kPu" (t + h) � Pu" (t)k2
L 2([0;T ]� 
) � C(�T 1=2 + h� � 3=2T1=2 + h)

choose
� = h2=5

kPu" (t + h) � Pu" (t)kL 2([0;T ]� 
) � CT h1=5

+

Pu" �! Pu; strongly inL2(0; T; L2
loc(
))
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Recover the pressure

Q
�

@tu" + r p" = � � u" � (u" � r ) u" �
1
2

(div u" )u"
�
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Recover the pressure

Q
�

@tu" + r p" = � � u" � (u" � r ) u" �
1
2

(div u" )u"
�

+

r p" = Q� u" � @tQu" � Q
�

(u" � r )u" ) +
1
2

u" div Qu"
�

:
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Recover the pressure

Q
�

@tu" + r p" = � � u" � (u" � r ) u" �
1
2

(div u" )u"
�

+

r p" = Q� u" � @tQu" � Q
�

(u" � r )u" ) +
1
2

u" div Qu"
�

:

" # 0

hr p" ; ' i �! hr � � 1
N div(( u � r )u); ' i for any ' 2 D 0([0; T] � 
)
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Recover the pressure

Q
�

@tu" + r p" = � � u" � (u" � r ) u" �
1
2

(div u" )u"
�

+

r p" = Q� u" � @tQu" � Q
�

(u" � r )u" ) +
1
2

u" div Qu"
�

:

" # 0

hr p" ; ' i �! hr � � 1
N div(( u � r )u); ' i for any ' 2 D 0([0; T] � 
)

+

p = � � 1
N div (( u � r )u) = � � 1

N tr ((Du)2)
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Energy inequality

Z




1
2

ju(x; t )j2dx +
Z T

0

Z



jr u(x; t )j2dxdt

� lim inf
" ! 0

 Z




1
2

ju" (x; t )j2dx +
Z




"
2

jp" j2 +
Z T

0

Z



jr u" (x; t )j2dxdt

!

= lim inf
" ! 0

Z




1
2

�
ju"

0j2 � " jp"
0j2

�
dx =

Z




1
2

ju0j2dx:
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Where else the same phenomena appear?
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Navier Stokes Poisson System in R3

is a simpli�ed model to describe the dynamics of a plasma
8
>>><

>>>:

@s� � + div( � � u� ) = 0

@s(� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1; x 2 R3; s � 0
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Navier Stokes Poisson System in R3

is a simpli�ed model to describe the dynamics of a plasma
8
>>><

>>>:

@s� � + div( � � u� ) = 0

@s(� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1; x 2 R3; s � 0

||||||||||||||
� � (x; t ) is thenegative charge density

m� (x; t ) = � � (x; t )u� (x; t ) is thecurrent density

u� (x; t ) is thevelocity vector density

V � (x; t ) is theelectrostatic potential

� is theshear viscosityand � is thebulk viscosity

� is the so calledDebye length
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Navier Stokes Poisson System in R3

8
>>><

>>>:

@s� � + div( � � u� ) = 0

@t (� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1
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Navier Stokes Poisson System in R3

8
>>><

>>>:

@s� � + div( � � u� ) = 0

@t (� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1

� = Debye lenght

# 0
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Navier Stokes Poisson System in R3

8
>>><

>>>:

@s� � + div( � � u� ) = 0

@t (� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1

� = Debye lenght

# 0

Incompressible Navier Stokes equations
(

@tu + u � r u � � u + r p = 0
div u = 0
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Physical background

a charged particle inside a plasmaattracts particles with opposite

charge andrepelsthose with the same charge
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Physical background

a charged particle inside a plasmaattracts particles with opposite
charge andrepelsthose with the same charge

+

creation of a net cloud of opposite charge around itself

the particle's Coulomb �eld fall o�
ase� r , rather than as1=r2
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V(r ) =
qe� r=�

4�� 0r
� =

r
� 0kT
2n0e2
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V(r ) =
qe� r=�

4�� 0r
� =

r
� 0kT
2n0e2

) the plasma beyond a distance� is essentially shielded from the
e�ects of the charge

) we don't expect to �nd electric �elds existing in a plasma over
regions greater in extend than�
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V(r ) =
qe� r=�

4�� 0r
� =

r
� 0kT
2n0e2

) the plasma beyond a distance� is essentially shielded from the
e�ects of the charge

) we don't expect to �nd electric �elds existing in a plasma over
regions greater in extend than�

� 0 = dielectric constant= 8; 85� 10� 12C2=m2N
k = Boltzmann constant= 1; 38� 10� 23Nm=K
T = electron temperature= 104K
n0 = electron density= 1016m� 3

e = electron charge= � 1; 6 � 10� 19C
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V(r ) =
qe� r=�

4�� 0r
� =

r
� 0kT
2n0e2

) the plasma beyond a distance� is essentially shielded from the
e�ects of the charge

) we don't expect to �nd electric �elds existing in a plasma over
regions greater in extend than�

� 0 = dielectric constant= 8; 85� 10� 12C2=m2N
k = Boltzmann constant= 1; 38� 10� 23Nm=K
T = electron temperature= 104K
n0 = electron density= 1016m� 3

e = electron charge= � 1; 6 � 10� 19C

� � 10� 4m
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Scaling8
>>><

>>>:

@s� � + div( � � u� ) = 0

@t (� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1
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Scaling8
>>><

>>>:

@s� � + div( � � u� ) = 0

@t (� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1

Time scaling: s =
t
"

� = " �; � = " �

� " (x; t ) = � �
�

x;
t
"

�
; u" =

1
"

u�
�

x;
t
"

�
; V " = V �

�
x;

t
"

�
:
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Scaling8
>>><

>>>:

@s� � + div( � � u� ) = 0

@t (� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1

Time scaling: s =
t
"

� = " �; � = " �

� " (x; t ) = � �
�

x;
t
"

�
; u" =

1
"

u�
�

x;
t
"

�
; V " = V �

�
x;

t
"

�
:

8
>><

>>:

@t � " + div( � " u" ) = 0

@t (� " u" ) + div( � " u" 
 u" )+
r (� " )



 "2 = � � u" +( � + � )r div u" +
� "

"2 r V "

� 2� V " = � " � 1:
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Scaling8
>>><

>>>:

@s� � + div( � � u� ) = 0

@t (� � u� )+div( � � u� 
 u� ))+
r (� � )




= � � u� +( � + � )r div u� + � � r V �

� 2� V � = � � � 1

Time scaling: s =
t
"

� = " �; � = " �

� " (x; t ) = � �
�

x;
t
"

�
; u" =

1
"

u�
�

x;
t
"

�
; V " = V �

�
x;

t
"

�
:

8
>><

>>:

@t � " + div( � " u" ) = 0

@t (� " u" ) + div( � " u" 
 u" )+
r (� " )



 "2 = � � u" +( � + � )r div u" +
� "

"2 r V "

� 2� V " = � " � 1:

" � = � 2; where� > 0
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8
>><

>>:

@t � " + div( � " u" ) = 0

@t (� " u" ) + div( � " u" 
 u" )+
r (� " )



 "2 = � � u" +( � + � )r div u" +
� "

"2 r V "

" � � V " = � " � 1:

renormalized pressure: density 
uctuation:

� " =
(� " )
 � 1 � 
 (� " � 1)

"2
 (
 � 1)
� " =

� " � 1
"
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8
>><

>>:

@t � " + div( � " u" ) = 0

@t (� " u" ) + div( � " u" 
 u" )+
r (� " )



 "2 = � � u" +( � + � )r div u" +
� "

"2 r V "

" � � V " = � " � 1:

renormalized pressure: density 
uctuation:

� " =
(� " )
 � 1 � 
 (� " � 1)

"2
 (
 � 1)
� " =

� " � 1
"

initial conditions:
Z

R3

�
� " jt=0 +

jm"
0j2

2� "
0

+ " � � 2jV "
0 j2

�
dx � C0; where

� " u" jt=0 = m"
0 m"

0dx �
p

� "
0dx

m"
0p
� "

0
* u 0 weakly inL2(R3)
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A priori estimate
Z

R3

�
� " ju" j2

2
+

(� " )
 � 1 � 
 (� " � 1)
"2
 (
 � 1)

+ " � � 2jr V " j2
�

dx

+
Z t

0

Z

R3

�
� jr u" j2+( � + � )j div u" j2

�
dxds � C0:
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+

(� " )
 � 1 � 
 (� " � 1)
"2
 (
 � 1)

+ " � � 2jr V " j2
�

dx

+
Z t

0

Z

R3

�
� jr u" j2+( � + � )j div u" j2

�
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� " ju" j2

2
+

(� " )
 � 1 � 
 (� " � 1)
"2
 (
 � 1)

+ " � � 2jr V " j2
�

dx

+
Z t

0

Z

R3

�
� jr u" j2+( � + � )j div u" j2

�
dxds � C0:

+

r u" is bounded inL2
t;x ; "

�
2 � 1r V " is bounded inL1

t L2
x ;
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A priori estimate
Z

R3

�
� " ju" j2

2
+

(� " )
 � 1 � 
 (� " � 1)
"2
 (
 � 1)

+ " � � 2jr V " j2
�

dx

+
Z t

0

Z

R3

�
� jr u" j2+( � + � )j div u" j2

�
dxds � C0:

+

r u" is bounded inL2
t;x ; "

�
2 � 1r V " is bounded inL1

t L2
x ;

u" is bounded inL2
t;x \ L2

t L6
x � " u" is bounded inL2

t H � 1
x
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Estimate on Qu"

Since
� " = "� " + 1

we have
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t H � 1
x

Dispersive estimates for acoustic waves { p.41/46



Estimate on Qu"

Since
� " = "� " + 1

we have
Qu" = Q(� " u" )

| {z }
! 0 ?

� "Q(� " u" )
| {z }
L 2

t H � 1
x

but......

Dispersive estimates for acoustic waves { p.41/46



Estimate on Qu"

Since
� " = "� " + 1

we have
Qu" = Q(� " u" )

| {z }
! 0 ?

� "Q(� " u" )
| {z }
L 2

t H � 1
x

but......

Q(� " u" ) = r � � 1 div( � " u" )

Dispersive estimates for acoustic waves { p.41/46



Estimate on Qu"

Since
� " = "� " + 1

we have
Qu" = Q(� " u" )

| {z }
! 0 ?

� "Q(� " u" )
| {z }
L 2

t H � 1
x

but......

Q(� " u" ) = r � � 1 div( � " u" ) "@t � " = � div( � " u" )

Dispersive estimates for acoustic waves { p.41/46



Estimate on Qu"

Since
� " = "� " + 1

we have
Qu" = Q(� " u" )

| {z }
! 0 ?

� "Q(� " u" )
| {z }
L 2

t H � 1
x

but......
Q(� " u" ) = r � � 1 div( � " u" ) "@t � " = � div( � " u" )

Q(� " u" ) = "r � � 1@t � "
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Density 
uctuation wave equation

@t � " +
1
"

div( � " u" ) = 0

@t (� " u" ) +
1
"

r � " = � � u" + ( � + � )r div u" � div( � " u" 
 u" )

� (
 � 1)r � " +
� "

"
r V " +

1
"2 r V " ;

" � � 1� V " = � " :
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Density 
uctuation wave equation

@t � " +
1
"

div( � " u" ) = 0

@t (� " u" ) +
1
"

r � " = � � u" + ( � + � )r div u" � div( � " u" 
 u" )

� (
 � 1)r � " +
� "

"
r V " +

1
"2 r V " ;

" � � 1� V " = � " :

Di�erentiate in t the \density 
uctuation equation", taking the
divergenceof the second equation

"2@tt � " � � � " = � "2 div( � � u" + ( � + � )r div u" )

+ "2 div div( � " u" 
 u" ) + "2(
 � 1) div r � "

� " div( � " r V " ) � div r V "
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changing the time scale:t = " �

~� (x; � ) = � " (x; " � ); ~� (x; � ) = � " (x; " � )

~u(x; � ) = u" (x; " � ); ~V(x; � ) = V " (x; " � )
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changing the time scale:t = " �

~� (x; � ) = � " (x; " � ); ~� (x; � ) = � " (x; " � )

~u(x; � ) = u" (x; " � ); ~V(x; � ) = V " (x; " � )

@� � ~� � �~� = � "2 div( � �~u + ( � + � )r div ~u)

+ "2 div(div(~� ~u 
 ~u) + ( 
 � 1)r ~� )

� " div(~� r ~V) � div r ~V :
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changing the time scale:t = " �

~� (x; � ) = � " (x; " � ); ~� (x; � ) = � " (x; " � )

~u(x; � ) = u" (x; " � ); ~V(x; � ) = V " (x; " � )

@� � ~� � �~� = � "2 div ( � �~u + ( � + � )r div ~u)
| {z }

L 2
t H � 1

x

+ "2 div(div (~� ~u 
 ~u)
| {z }

L 1
t L 1

x

+ ( 
 � 1)r ~�|{z}
L 1

t L 1
x

)

-" div (~� r ~V)
| {z }

L 1
t L 1

x

� div r ~V|{z}
L 1

t L 2
x

:
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~� = ~� 1 + ~� 2 + ~� 3 + ~� 4 where~� 1, ~� 2, ~� 3 and ~� 4 solve the systems:
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~� = ~� 1 + ~� 2 + ~� 3 + ~� 4 where~� 1, ~� 2, ~� 3 and ~� 4 solve the systems:
(

2 ~� 1 = � � div ~u = "2F1

~� 1(x; 0) = ~� 0 @� ~� 1(x; 0) = @� ~� 0;

(
2 ~� 2 = "2F2

~� 2(x; 0) = @� ~� 2(x; 0) = 0:
(

2 ~� 3 = "F3

~� 3(x; 0) = @� ~� 3(x; 0) = 0:

(
2 ~� 4 = F4

~� 4(x; 0) = @� ~� 4(x; 0) = 0:
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~� = ~� 1 + ~� 2 + ~� 3 + ~� 4 where~� 1, ~� 2, ~� 3 and ~� 4 solve the systems:
(

2 ~� 1 = � � div ~u = "2F1

~� 1(x; 0) = ~� 0 @� ~� 1(x; 0) = @� ~� 0;

(
2 ~� 2 = "2F2

~� 2(x; 0) = @� ~� 2(x; 0) = 0:
(

2 ~� 3 = "F3

~� 3(x; 0) = @� ~� 3(x; 0) = 0:

(
2 ~� 4 = F4

~� 4(x; 0) = @� ~� 4(x; 0) = 0:

Finally we have the following estimate on� "

" � 1
4 + �

2 k� " kL 4
t W � s0 � 2;4

x
+ "

3
4 + �

2 k@t � " kL 4
t W � s0 � 3;4

x

. "
�
2 k� "

0kH � 1
x

+ "
�
2 km"

0kH � 1
x

+ "1+ �
2 Tk div(div( � " u" 
 u" ) � (
 � 1)r � " )kL 1

t H � s0 � 2
x

+ "1+ �
2 k div � u" + r div u" kL 2

t H � 2
x

+ Tk div r V " kL 1
t H � 1

x
+ "1+ �

2 Tk" � � 2 div( � " V " )kL 1
t H � s0 � 1

x
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Q(� " u" ) = "
1
4 � �

2 r � � 1"
3
4 + �

2 @t � "

"
3
4 + �
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Estimates on Qu" - Part 2

Q(� " u" ) = r � � 1 div( � " u" ) "@t � " = � div( � " u" )

Q(� " u" ) = "
1
4 � �

2 r � � 1"
3
4 + �

2 @t � "

"
3
4 + �

2 k@t � " kL 4
t W � s0 � 3;4

x

1
4

�
�
2

> 0 if � �
1
2
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Estimates on Qu" - Part 2

Q(� " u" ) = r � � 1 div( � " u" ) "@t � " = � div( � " u" )

Q(� " u" ) = "
1
4 � �

2 r � � 1"
3
4 + �

2 @t � "

"
3
4 + �

2 k@t � " kL 4
t W � s0 � 3;4

x

1
4

�
�
2

> 0 if � �
1
2

this analysis holds for physical regimes of order

M = " = � 2=� � 10� 16
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Extensions

Model for plasma physics that takes into account the
temperature e�ects and balance equation
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Extensions

Model for plasma physics that takes into account the
temperature e�ects and balance equation

Bipolar models for semiconductors
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