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Navier Stokes equations in an exterior domain
@u+uru u+r p=f,;

3u(O; )=uo(); x2 ; t O
u(x;t)=0;, x2@; t O
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Motivations
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Motivations
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Motivations
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Motivations
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Existence Leray '34

u satis es the NS equation in the sense of distribution

Z 7 @
ru r' uu @ ; U dxdt
. iU & @t
Z 1 7
= M Ty 1 jadxdt+ ug 'dx;
0

forall' 2C3( [0;T]),div: =0 anddivu=0 in
DY [0;T])
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Existence Leray '34

u satis es the NS equation in the sense of distribution

Z 2 @
ru r' uu @ ; U dxdt
) iU & @t
Z 1 7
= M Ty 1 jadxdt+ ug 'dx;
0

forall' 2C§( [0;T]),div: =0 anddivu=0inDY [0;T))
the following energy inequality hold

1% £
P jU(X;t)jZdX+ r u(x;t)jzdxds
2 0
1Z Z
> jugjdx+  Huiy H1ds; forallt O:

0
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Arti cial compressiblility In

8
. . . . e
<@U+¢F): u (u r)u EMNu)u
- "@p +divu =0
non increasing kinetic energy constraint

10

(@m+-rp: u (ur)u

divu=0
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Arti cial compressiblility In

8
S@u +rp= u (U r)u %(div u)u
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Arti cial compressiblility In

8
S@u +rp= u (U r)u %(div u)u
- "@p +divu =0
"1 0
(
@u+r p= u (ur)u
dvu=0

The hyperbolicityof the approximation providesspersive estimates

The convergence will be obtained vi@Espersion and not via

compactness
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Arti cial compressibility approximation
; 1

S@u +rp= u W r)u é(div u)u
- "@p +divu =0
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Arti cial compressibility approximation
8
@u +rp = u (u r)u é(dlvu)u
- "@p +divu =0
Initial conditions:

u(x;0)=upx); P (x0)= po(x);

\initial layer" phenomenon for the pressure initial datum
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Arti cial compressibility approximation
8
@u +rp = u (u r)u é(dlvu)u
- "@p +divu =0
Boundary condition
Uje =0

Z .z Z.Z
| p (x;s) (x;s)dxds+ u (x;s)r (x;s)dxds
7 Z 0y

(U n)(x:s) (x;s)ddt +"  po(x) (x;0)dx =0:
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Arti cial compressibility approximation
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- "@p +divu =0

Boundary condition

U"j@ =0
Z Z Z Z
| p (x;S) (x;s)dxds+ u'(x:s)r (x:s)dxds
7 Z N
(U n)(x;s) (x;s)ddt +"  pg(x) (x;0)dx =0

p(Xt)= pp(x) ae. in@

Dispersive estimates for acoustic waves { p.8/46



Arti cial compressibility approximation
; 1

S@u +rp= u W r)u é(div u)u
- "@p +divu =0

Initial conditions

Up=u (;0)! up= u(;0) strongly inL?()

"o = P " (;0)! O strongly inL?() :
\initial layer" phenomenon for the pressure initial datum
Boundary conditions

u(x;t)=0 xX2@:;t O
p (X;t) = Po(x) x2@;t O

Dispersive estimates for acoustic waves { p.8/46



Notations

Nonhomogenous Sobolev Spaces:

WKP()=( 1) 2LP() HE() = wh2()
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Notations

Nonhomogenous Sobolev Spaces:

WKP()=( 1) 2LP() HE() = wh2()

LPLY = LP([O; TI;LY())  LPW)S9 = LP([0; T WX9())

Leray Projectors
Q=r Nldiv projection on gradient vector elds

P=1 Q projection on divergence - free vector elds
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Main Theorem

Let (u ;p ) be a sequence of weak solution irof the previous
system, then

() u * u weakly inLZH}
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Main Theorem

Let (u ;p ) be a sequence of weak solution irof the previous
system, then

() u * u weakly inLZH}
(i) Qu ! 0 stronglyinL?LY, for anyp 2 [4;6)
(i) Pu ! Pu=u strongly inL?L?

locy

(iv) The sequencép g will converge in the sense of distribution tc

p=  Ydiv((u rHuy = ltr(Du)?):
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(v) u= Puis a Leray weak solution to the incompressible Navie
Stokes equation

P(@Qu u+(u riu)=0 inDY0;T] ) ;

u(x; 0) = up(x) Ua@ =0

Dispersive estimates for acoustic waves { p.11/46



(v) u= Puis a Leray weak solution to the incompressible Navie
Stokes equation

P(@Qu u+(u riu)=0 inDY0;T] ) ;

u(x; 0) = up(x) Ua@ =0

(vi) The following energy inequality holds
,Z Z Z Z

5 ju(x; t)j%dx + ir u(x;t)j%dxdt % ju(x; 0)j%dx:
0]
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(v)

(Vi)

(1)

u= Puis a Leray weak solution to the incompressible Navie
Stokes equation

P(@Qu u+(u riu)=0 inDY0;T] ) ;

u(x; 0) = up(x) Ua@ =0

The following energy inequality holds
,Z Z Z Z

5 ju(x; t)j%dx + ir u(x;t)j%dxdt % ju(x; 0)j%dx:
0]

Foru the trace operator commutes with the limit, this is not
true forp .
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Energy estimates
8

S@ +rp= u (U r)u %(div uu
- "@p +divu =0
Z 1 .
E(t) = éju (X;1)j° + éjp (x;1)j* dx
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Energy estimates

8
S@ +rp= u (U r)u %(div uu
- '@ +divu =
V4 1 )
E(t) = éju (X;t)j° + éjp (x;1)j* dx
L L
E(t) + ir u (x;s)jdxds = E(0)
0
+
p“p" bd. inL} LZ, "p  relatively compact i .
ru  bd. inLE; u bd.inL{ L2\ LALY;

(' r)u bd inLELIN LI (divu)u’ bdinLZLEN LT
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Pressure wave equation

Di erentiate in t the\pressure equation”

"@p +div@u =0
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Pressure wave equation

Di erentiate in t the\pressure equation”
"@Qp +div@ =0
taking the divergence of the rst equation

1

"‘@p p = div u+div (U r)u+ > (div u)u

changing the time scalé:= P

G )= UG T ) poe )= P )

@ p p= div~-u+div (o r)o+ %(div t)t
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Pressure wave equation

Di erentiate in t the\pressure equation”
"@Qp +div@ =0
taking the divergence of the rst equation

1

"‘@p p = div u+div (U r)u+ > (div u)u

changing the time scalé:= P

G )= UG T ) poe )= P )

@p p= dyzy div (& r )+ %(diva)u

L, | {z }
LiL:™
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Strichartz Estimates

8
2 Wit w=F
JW(0; )= f (x;t)2 RY [0;T]

" @w(0;)=0
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‘ Strichartz Estimates

2 Wit w=F
JW(0; )= f (x;t)2 RY[0;T]
S @w(0; )=gd
Z 1

sup (kwk,,, + kwikpz) k fky, + kgkz + kFkzds:
t2[0;T] 0
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Strichartz Estimates

3
2 Wit w=F
JW(0; )= f (x;t)2 RY[0;T]
" @w(@; )=o¢
Z 1
sup (kwkqul + kwik 2) K ka% + koky 2 + kF ki 2 ds:
t2[0;T] 0
we would like to have
kwkpa g Kk fky, + Kok 1+ kKFk o o small

Dispersive estimates for acoustic waves { p.16/46



Strichartz Estimates

3
2 Wit w=F
JW(0; )= f (x;t)2 RY[0;T]
" @w(@; )=o¢
Z 1
sup (kwkqul + kwik 2) K ka% + koky 2 + kF ki 2 ds:
t2[0;T] 0
we would like to have
kwkpa g Kk fky, + Kok 1+ kKFk o o small

Strichartz (1977) proved that

kwkis K Fhsee + Kgky ame + KK oo
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ldea of the proof

Strichartz realized that these estimates are related toréstriction

theorem for the Fourier transform.
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ldea of the proof

Strichartz realized that these estimates are related toréstriction

theorem for the Fourier transform.
Z

Fourier transform: f( )= e X dx
Rd

Restriction mapping: Rf = fjs S R hypersurface
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Z

Fourier transform: f( )= e X dx
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S has the(p;2) restriction property Iif
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ldea of the proof

Strichartz realized that these estimates are related toréstriction

theorem for the Fourier transform.
Z

Fourier transform: f( )= e X dx
Rd

Restriction mapping: Rf = fjs S R hypersurface
S has the(p;2) restriction property Iif
kRf kLZ(S) k kap(Rd):

If S= sphere R3, thenl p

Wl
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then if Is a cuto function (localizing in frequencies)
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then if Is a cuto function (localizing in frequencies)
Z
w(t;x)= & Ul (OH)f()d = TF(t;x)
Rd
kaL?L; k kaZ 0 k Tf kL?L)r( k kaZ ( )
T:L20 L9t T oL L2 7T cLdLr Lot

T is the adjoint operator of, (¢®*r9 are the dual exponent @f;r)

Dispersive estimates for acoustic waves { p.18/46



then if Is a cuto function (localizing in frequencies)
Z

w(t;x)= & Ul (H)f()d = Tf(tx)
Rd

kaL?L; k kaZ 0 k Tf kL?L)r( k kaZ ( )

T:L20 L9t T oL L2 7T cLdLr Lot

T is the adjoint operator of, (¢®r9 are the dual exponent @é;r)
/

Tix)= & OfGi)d ®i() OFGJ )= Rf()

Rd
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then if Is a cuto function (localizing in frequencies)
Z

w(t;x)= & Ul (H)f()d = Tf(tx)
Rd

kaL?L; k kaZ 0 k Tf kL?L)r( k kaZ ( )

T:L20 L9t T oL L2 7T cLdLr Lot

T is the adjoint operator of, (¢®r9 are the dual exponent @é;r)
/

Tix)= & OfGi)d ®i() OFGJ )= Rf()

Rd
= f(; )j =1j]j> 0g=light cone KT fk .= KkRfkj 2
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then if Is a cuto function (localizing in frequencies)
Z

w(t;x)= & Ul (H)f()d = Tf(tx)
Rd

kaL?L; k kaZ 0 k Tf kL?L)r( k kaZ ( )

T:L20 L9t T oL L2 7T cLdLr Lot

T is the adjoint operator of, (¢®r9 are the dual exponent @é;r)
/

THeo= & OfGid #10) OFG i) =R
= f(; )j =1j]j> 0g=light cone KT fk .= KkRfkj 2

() is equivalenttR : LYLE" 1 L2() is bounded for suitable (q,r)
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao('98))

Wit w=F w@;)=f @w(O;)=g; (xt)2RY [0T]
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao('98))

Wit

w=F w(0;)=Tf;

@w(; )=g; (xt)2R% [0;T]

kaLth)r( + k@NkLthX Lr .

kfk, +kogk, 1+KkF kLtqo

0
F..
L%
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao('98))

Wit w=F w@;)=f @w(O;)=g; (xt)2RY [0T]

ko g + K@Wkayy, 1+ Kk + kgl 1+ kFK g

0
IL.
L%

(q: 1), (&) are  wave admissible pairs if
1/q]
112 ((d-3)/2(d-2),1/2) grer 2

f @ D}

s (d 13 &

Logg “=hes o

1/2 1/r . . . .
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Strichartz d=3
172 0 1 e 5
1 1 1
q 2 r
101 1
6t 2 F-
1 3 - 3 — 1 3
aTr=2 “T@twm 2

1/2 Ur

wi oLy + K@K ay, 1o - Kf ki + kgl 1+ KFk o

0
L%

Dispersive estimates for acoustic waves { p.20/46



1qu Strichartz d=3

1/2
qQrer 2
1 1 1

2
s 1011

G 2 -
1 3 _ 3 — 1 3
dtr=32 “gtm 2

1/2 >1/I’

wi oLy + k@WK ay, 1o - Kf ki + kgl 1+ KFk o

0
L%

wkis + k@WK oy, 1o . Kfk 1z + gk, s + KFK o
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1;‘* Strichartz d=3

1/2
qQrer 2
1 1 1

2
s 1011

G 2 -
1 3 _ 3 — 1 3
dtr=32 “gtm 2

1/2 >1/I’

i oLy + K@WK oy, 1 Kf ki + kgl 1+ KFk o

o
wkis + k@WK oy, 1o . Kf 1z + gk, s + KFK o

ifd=3, (6 =(1:3=2), then =1=2and(q;r)=(4;4)
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1;‘* Strichartz d=3

1/2
qQrer 2
1 1 1

2
s 1011
G 2 -
1 3 _ 3 — 1 3
dtr=32 “gtm 2
1/2 >1/I’

i oLy + K@WK oy, 1 Kf ki + kgl 1+ KFk o

505
Wk s, + K@Wk sy, e KF ks + kg, 10 + KF K oo

ifd=3, (6 =(1:3=2), then =1=2and(q;r)=(4;4)
kwk s+ k@WK oy, 1o . Kk iz + kg, iz + kFK

LiLy?
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1;‘* Strichartz d=3

1/2
qQrer 2
1 1 1

2
s 1011
G 2 -
1 3 _ 3 — 1 3
dtr=32 “gtm 2
1/2 >1/I’

i oLy + K@WK oy, 1 Kf ki + kgl 1+ KFk o

505
Wk s, + K@Wk sy, e KF ks + kg, 10 + KF K oo

ifd=3, (6 =(1:3=2), then =1=2and(q;r)=(4;4)
kwk s+ k@WK oy, 1o . Kk iz + kg, iz + kFK

LiLy™?

kaLtAEx + k@WkaWX 1.4, Kf kHﬁ%:Z + kng_)%:z + KF kLtlL)Z(:
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Strichartz estimates on exterior domain

(Smith, Sogge, Metcalf, Burq)

8

% @ w(t;x) = F(t;x); (t;x) 2 Ry
w(0; ) = T(x) 2 Hp

3 @W(0;%) = g(x) 2 Hy

- w(t;x)=0; X2 @ ;

kaLthg( + k@NkLthX 1r . kf k + kgk

H 1 + KF kL?O

0
L%

Hp
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Strichartz estimates on exterior domain

(Smith, Sogge, Metcalf, Burq)

8

% @ w(t;x) = F(t;x); (t;x) 2 Ry
w(0; ) = T(x) 2 Hp

3 @W(0;%) = g(x) 2 Hy

- w(t;x)=0; X2 @ ;

kaL?Lg( + k@NkLthX 1r . kf k + kgk

H 1 + KF kL?O

0
L%

Hp

2 CH(RY:; (x)=1onfixj Rg

kfk, =kfky (o +k@@ )fk

H jfj@ =0; 2j<

H (RY)
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Strichartz estimates on exterior domain

(Smith, Sogge, Metcalf, Burq)

8

% @ w(t;x) = F(t;x); (t;x) 2 Ry
w(0; ) = T(x) 2 Hp

3 @W(0;%) = g(x) 2 Hy

- w(t;x)=0; X2 @ ;

kaL?Lg( + k@NkLthX 1r . kf k + kgk

H 1 + KF kL?O

0
L%

Hp

2 CH(RY:; (x)=1onfixj Rg

kiky = kf kg +k@ )k

IS nontrapping, there isr, such that non geodesic of lenghg

w Ry fle =0 2<

IS completely contained iipx; Rg\
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates
odd space dimension
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates
Smith and Sogge (2000) proved global Strichartz estimates
odd space dimension

exponentiabdecay of the local energy of solutions of the
wave equation with compactly supported initial data

k u kHD() + k @[UkHD 1 Ce Jt](kf kHD() +kngD() )

()
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates
odd space dimension

exponentiabdecay of the local energy of solutions of the
wave equation with compactly supported initial data

k u kHD() + k @[UkHD 1 Ce Jt](kf kHD() +kngD() )

()

Burg (2004), Metcalfe (2003) proved global Strichartz
estimates in even space dimension
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates
odd space dimension

exponentiabdecay of the local energy of solutions of the
wave equation with compactly supported initial data

k u kHD() + k @[UkHD 1 Ce Jt](kf kHD() +kngD() )

()

Burg (2004), Metcalfe (2003) proved global Strichartz
estimates in even space dimension

Local energy decay

kuky, () +k @uk, Cjtj “(kfky_ () +Kaky_(y )

)
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Pressure wave equation

8@p p= div-u+div (& r)u+ 3(dive)y ;
p(x; 0) = po(X);

2 @p(x; 0) = " 7 div ug(x);

" p(x;tjie = po(Xie

for xed " smoothing of initial data
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Pressure wave equation

8
@p p= div-u+div (& r)u+ 3(dive)y ;
p(x; 0) = po(X);
2 @p(x; 0) = " 7 div ug(x);
" p(x;tie = Po(Xie
for xed " smoothing of initial data

we need homogenous boundary conditions:
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Pressure wave equation

8@p p= div-u+div (& r)u+ 3(dive)y ;
p(x; 0) = po(X);

2 @p(x; 0) = " 7 div ug(x);

" p(x;tjie = po(Xie

for xed " smoothing of initial data
we need homogenous boundary conditions:

B=p P
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Pressure wave equation

8
@p p= div-u+div (& r)u+ 3(dive)y ;
p(x; 0) = po(X);
2 @p(x; 0) = " 7 div ug(x);
" p(xDje = PoX)ie
for xed " smoothing of initial data
we need homogenous boundary conditions:

B=p P

38

2@p ~p= div-u+divr py+div (¢ r)e+ 3(dive)u
S p(x;0) = @p(x;0) =0

" Ple =0:
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Pressure wave equation

@p p= div-u+div (& r)u+ 3(dive)y ;
p(x; 0) = po(X);

2 @p(x; 0) = " 7 div ug(x);

" p(x;tjie = po(Xie

for xed " smoothing of initial data
we need homogenous boundary conditions:

=P Po
8 1
%@ P Pp= d|v{zy+d|vr |{pzc} +d|v((~u r )H-l{-zz(dIVbI)b?
LiLy™?
E p(x; 0) = @p(x; 0) = 0

Ale =0:
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p= P1+ P2 Wherep; andpy solve the following wave equations:
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p= pP1+ P2 wherep; andp, solve the following wave equations:

8 8
22pm= div-u+divrp, 22p=div (a r)u+ 3(dive)s

S I31(X, O) = @Iaj_(X, O) =0 S |32(X, O) = @pz(x’ O) =0
. plj@ =0, ' pzj@ =0:
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p= pP1+ P2 wherep; andp, solve the following wave equations:
8

22p1= div-u+divrp, 22pp=div (& r)u+ %(divu)u
>p1(X;O): @m(X,O):O >p2(X;O): @I32(X,0):O

" pe =0; ' Prle =0:
we apply
kwk s+ K@WK ayy, za . kf kH_[l):z + kng13 1=2 + KF K1 2
tow=  Ip
P T T

KP1K ayy, 20 + K@P1K sy sa . K divbkpz ; + ——Kpoky;
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p= P1+ P2 Wherep; andpp solve the following wave equations:

8 8
22p= div~u+divrp, 22px=div (& r)u+ 3(dive)u

S p1(X; 0) = @p1(x;0) =0 S po(X; 0) = @p2(x;0)=0

" pe =0; " prle =0:
we apply
kwk s+ K@WK ayy, vs . kf kH%:Z + kng13 1= + KF kL%L)s(:z
tow=  p

kP2Ky oy, 24 + K@PoKayy, 24 . k(& T )+ 1=2(dive)uk ;| o
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Estimate for the pressure
Finally we have the following estimate pn
o o .. p— .
KD K ayy, 20+ " TTOK@D K sy 90 . Tkpokip + 0 Tkdivu kiz g

+k(u r)u + :—2L(div u)u k

LiLy?
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Qu

r

Estimates on Qu - Part 2

TR
N div u
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Qu

r

Estimates on Qu - Part 2

v divu’ '@ = divu
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Qu

r

Estimates on Qu - Part 2

v divu’ '@ = divu

Qu" — "I‘ Nl@j' — ll1:8n7:8@3"
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Estimates on Qu - Part 2

Qu =r Jdivu '@ = divu

Qu" — "I‘ Nl@jl — l11:8u7:8@3"

" 7:8k@3" kN

L AW, >
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Young-type estimates

R .
j2ct(O),j 0 jdx=1,j x)= 9 %
Then the following Young type inequality hold

KEj ki C % UG Bk ky say 3

foranyp;g2[1,1],9g p,s 0O, 2 (0;1).
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Young-type estimates

R .
j2ct(O),j 0 jdx=1,j x)= 9 %
Then the following Young type inequality hold

KEj ki C % UG Bk ky say 3

foranyp;g2[1,1],9g p,s 0O, 2 (0;1).
Moreover for any 2 H() , one has

kKf f j kiey Cp b krfkizey;
where

p2[21) Ifd=2; p2[26] Ifd=3 and =d 1

1
2 p
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kQu kizp k QU j kizip+ kQu  Qu j Kkpzpp = Ji+ Jo;
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kQu kpze  kQU j kizp+ kQu QU Kpzpp = Ji+ Jo;
to estimateJ; we use
kf J kLp() C a p/kf kW s () with s =2 andq-4
to get
Ji "Fkr (M@ ke ROC Goake =@y Ki 2y, 34

wl1=8 2 3(% i)+1=4;,.7=8 " .
(2§74 @:’kaWX“'
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kQu kizip k Qu j kpzp+ kQu QU j ki
w1=8 2 3(3% %)T1:4k"7:8@p"k|_fvvx i+ Jo
to estimateJ, we use
ki f j kiey Cp & krfkizy;

to get
\]2 1 3(5 %)er u"kLtZL)z(:
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kQu kizie k QU j kizpp+ kQu  Qu j Kpzpe

n1=8 2 3(4 l)T1—4kll7 8@) k 4W 34+ 1 3(% %)kr u"kLz

C"1° (7 D)+ c L3z 7)
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kQu kizie k QU j kizpp+ kQu  Qu j Kpzpe
182 3 RTIMETR@D kst 1 3G Sk Uk

C_|_u1:8 2 3(7 3) 4+ c 1 3(3 )

choose
n]1=18
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kQu kizie k QU j kizpp+ kQu  Qu j Kpzpe

t

n1=8 2 3(% %)T1=4kll7:8@)"kl_ 3.4+ 1 3(% %)kr U"kLZ.

¢ W

choose
n]1=18

kKQU ki 2 p Cr" % for anyp 2 [4:6).
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kQu kizie k QU j kizpp+ kQu  Qu j Kpzpe
182 3 RTIMETR@D kst 1 3G Sk Uk
cri® 233 Py 3G 5

choose
n]1=18

kKQU ki 2 p Cr" % for anyp 2 [4:6).

Qu ! 0 strongly inLZLP, for anyp 2 [4; 6):
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Convergence on Pu

LP compactness (Lions-Aubin theorem)

kPu (t+h) Pu (kg )

Dispersive estimates for acoustic waves { p.29/46



Convergence on Pu

LP compactness (Lions-Aubin theorem)

kPu (t+h) Pu (kg )
" 1n 1n Z t+h "
Pz =Pu(t+h) Pu(t)= @Pu (s;x)ds
t
Z iih

= dsP( u (ur)u -

éu" (div u ))(s; X)
t
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Convergence on Pu

LP compactness (Lions-Aubin theorem)

kPu (t+h) Pu (kg )

[ 1] 1] 1] Z t+h [ 1]
Pz =Pu(t+h) Pu(t)= @Pu (s;x)ds
t
Z t+h § § § 1 § }
= dsP( u (ur)u éu (div u ))(s; X)
t

convolution techniques
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Convergence on Pu

LP compactness (Lions-Aubin theorem)

kPu (t+h) Pu (kg )

n n " Z t+h n
Pz =Pu(t+h) Pu(t)= @Pu (s;x)ds
t
Z t+h . . § 1 § )
= dsP( u (ur)u éu (div u ))(s; x)
t
convolution techniques Z
T
kPu (t + h) Pu"(t)kﬁg = dtdx(Pz) (Pz Pz j)
77
+ dtdx(Pz) (Pz | )
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" " =2 3=2+1=2
kPu (t+h) Pu (kim0 ) C(T ™+h T+ h)
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" " =2 3=2+1=2
kPu (t+h) Pu (kim0 ) C(T ™+h T+ h)

choose
— h2:5
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kPu (t+h) Pu(t)kipor y C(T¥+h T2+ h)
choose

— h2:5

kPu (t+h) Pu (t)kzqr] y Crh'™
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" " =2 3=2+1=2
kPu (t+h) Pu (kim0 ) C(T ™+h T+ h)

choose
— h2:5

kPu (t+h) Pu (t)kzqr] y Crh'™

+

Pu! Pu: strongly inL(0; T;L&.())

loc
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Recover the pressure

Q @ +rp= u (U r)u %(div u)u
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Recover the pressure

Q @ +rp= u (U r)u %(div u)u
+

1

rp=Q u @u Q (u r)u)+ iu" div Qu
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Recover the pressure

Q @ +rp= u (U r)u %(div u)u
+
rp=Q u @u Q (u r)u)+ %u" div Qu

"#0
hrp;'i!hr GLdiv((u ru);tio forany' 2 DY[O; T]
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Recover the pressure

Q @ +rp= u (U r)u %(div u)u
+

rp=Q u @u Q (u r)u)+ %u" div Qu

"#0
hrp ;' i!hr GLdiv((u ru);tio forany' 2 DY[O; T]

+

p= tdiv((u r)u)y= ltr((Du)?)
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Energy inequality

z Z Z

ijU(x;t)jde+ ir u(x;t)jedxdt

0

z . Z Z Z
lim inf Jju (x;t)j%dx+  —jp %+ ir u (x;t)j°dxdt
"0 2 2 0

Z Z

Uoi®  "jpoi® dx =

1
5)

. o
—|Imll%f 5 ] Ug) “dX:
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Where else the same phenomena app
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Navier Stokes Poisson System in R®
IS a simpli ed model to describe the dynamics of a plasma
é@ +div( u)=0
@ u)rdiv( u u)r ) o L+ divu + vV
'§ 2\ = 1; x2R3:s 0
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Navier Stokes Poisson System in R®

IS a simpli ed model to describe the dynamics of a plasma

g@ +div( u)=0
@ u)rdiv( u u)r ) o L+ divu + vV
'§ 2\ = 1; X2 R3:s 0
T

(x;t) Is thenegative charge density

m (x;t) = (x;t)u (x;t) is thecurrent density
u (x;t) Is thevelocity vector density
V (x;t) Is theelectrostatic potential

— Is theshear viscositand ™ is the bulk viscosity
IS the so calledebye length
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"W NW QO

Navier Stokes Poisson System in R?

@ +div( u)

@ u )+div(
2V = 1

u

0

u )+ -

(

)

u+(—+ )r divu +
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"W NW QO

Navier Stokes Poisson System in R®

@ +div( u)=0
@ ulrdivi u u)+ ) o= U+ divu
2V = 1

= Debye lenght
#0
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"W NW QO

Navier Stokes Poisson System in R®

@ +div( u)=0

@ u )+div(
2\ =

uouyr ) = ) divu +

1

= Debye lenght
#0

Incompressible Navier Stokes equations

(
@u+u ru u+rp=0

divu=0
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Physical background

a charged particle inside a plasmtiracts particles with opposite

charge andepelsthose with the same charge

Dispersive estimates for acoustic waves { p.36/46



Physical background

a charged particle inside a plasifracts particles with opposite
charge andepelsthose with the same charge

+

creation of a net cloud of opposite charge around itse

the particle's Coulomb eld fall o
ase ', rather than asl=r?
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V(r)

ge "~
4 or

okT
2Ne?
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r
ge '~ B okT

4 or - 2n0e2

the plasma beyond a distancas essentially shielded from the
e ects of the charge

V(r)=

we don't expect to nd electric elds existing in a plasma ove
regions greater in extend than
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r
ge '~ B okT

4 or - 2n0e2

the plasma beyond a distancas essentially shielded from the
e ects of the charge

V(r)=

we don't expect to nd electric elds existing in a plasma ove
regions greater in extend than

o = dielectric constant 8:85 10 12C%=m?N
k = Boltzmann constant 1:38 10 23N m=K
T = electron temperature 10°K
no = electron density 101°m 3
e= electron charge 1,6 10 1°C
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r
ge '~ B okT

4 or - 2n0e2

the plasma beyond a distancas essentially shielded from the
e ects of the charge

V(r)=

we don't expect to nd electric elds existing in a plasma ove
regions greater in extend than

o = dielectric constant 8:85 10 12C%=m?N
k = Boltzmann constant 1:38 10 23N m=K
T = electron temperature 10°K
no = electron density 101°m 3
e= electron charge 1,6 10 1°C

10 “m
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"W AW Q0

@ +div( u)
@ u )+div(
2V = 1

u

0

u )+ -

Scaling
() __

u-+(—+ )r divu +
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. Scaling
@ +div( u)=0

@ u)rdiv( u u)+ L) = i (—+ ) divu +

"W AW Q0

2V = 1
. . t —_— 1] —_— 1
Time scalings = - =" T=
’ g 1 t t
(X;t) = X;— ;u=-u X;- ; V=V X-
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@ +div( u)=0

@ u)tdiv( u u)+t
2\ = 1

"W AW Q0

. . t
Time scalings = -

(x;t) = X: E ;
3 @ +div( u)=0

s@( ‘u)+div( u  u)+
2V =L

Scaling

r¢ ) __

r ()

u+(—+7)r dvu+ rV

u+( + Jrdivu+r Vv

Dispersive estimates for acoustic waves { p.38/46



. Scaling
@ +div( u)=0

@ ulrdivi u u)r ) = G+ divu+ TV

"W AW Q0

2V = 1
Time scaling s = E =ty =
(X t) = x;g ;u":%u x;g -V =V x;g
5@ +div( u)=0 "
B@( Wy+div( U U+ ("2) = u+( + rdivu+rVv
2V = L
= 2% where > 0
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; @ +div( u)=0 " "
S @ ‘u)+div( U U+l (,,2) u+( + Jrdivu+—rVv
TtV =L

renormalized pressure: density uctuation:
_ () 1 (Y 1

no ( 1) T
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g@"+mw'u3:o "
r ()

8@( u)+div( U u)r—=—=  u+( + rdivu+rVv
TtV o= L
renormalized pressure: density uctuation:
() 1 (o _
720D --
Initial conditions:
Z o
Yiieo + ol %iVhj? dx Co; where
R3 0
U jt=o0 = Mg mMgdXx P ~odX pm—o *u o weakly inL?(R%)

0
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A priori estimate

L juj? " 1 1) L o
JZJ ( )"2( (1) )i 2 V2 dx
Z L
ir uj’+( + )jdivuj® dxds Co:
0 RS
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A priori estimate

L juj? " 1 1) L o
JZJ ( )"2( (1) )i 2 V2 dx
Z L
ir uj’+( + )jdivuj® dxds Co:
0 RS
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A priori estimate

Z o ..
« Ju 1 1) ., o .
} JZJ+()"2( (1) )i 2 V2 dx
Z L
+ ir uj’+( + )jdivuj® dxds Co:
0 RS
_|_

ru isboundeding,; "z 'rV isbounded ini LZ;
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A priori estimate

Z s ..
"Ju J ( ) 1 ( 1) " 2: "2

N 5 + 7 1) + jr vVj e dx
Z Z

+ jr ujé+( + )jdivuj® dxds Co:
0 RS
+
ru isboundeding,; "z 'rV isbounded ini LZ;

u is bounded ing \ LELY 'uis bounded in.{H, *
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Estimate on Qu

Since
" : 11 " + 1

we have
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Estimate on Qu

Since
" : 11 " + 1

we have

Qu' = Q('u) "Q( u)
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Estimate on Qu

Since
=" " +1
we have
QU =Qf 4y "
10 7 L2Hy *
but......

Dispersive estimates for acoustic waves { p.41/46



Estimate on Qu

Since
— ' +1
we have . -
QU= Q) Ty
10 7 L2H, *
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Since

we have

Estimate on Qu

[
+
=

W=y Y
10 ? L2Hy *

m: div( u)
Q u)="r ‘@
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Density uctuation wave equation

@ + %div( u)=0
@("u")+%r = u+( + )rdivu div( u u)

( Dr  + 1V + o1V
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Density uctuation wave equation

@ + %div( u)=0
@("u")+%r = u+( + )rdivu div( u u)

( Dr  + 1V + o1V

1" 1 V" —

Di erentiate int the\density uctuation equation’, taking the
divergencef the second equation

‘@ = "div( u +( + )rodivu)
+"2divdiv( U u )+ "% 1)divr

"div( rV) divrV
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changing the time scale:= "

~(x; )= (%" % )= (x")
(X )= u (%" ); VX )=V (")
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changing the time scale:= "

~(x; )= (%" % )= (x")
(X )= u (%" ); VX )=V (")
@~ ~ = "div( ~u+( + )r dive)

+ "?div(div(~e ) +( 1) ~)
“div(~r V) divr V:

Dispersive estimates for acoustic waves { p.43/46



changing the time scale:= "

~(x; )= (") X )= (x")
(X, )= u (X" ); V(X )=V (")
@~ ~= "2divf ~U + ( & )r divu;
L2H, *
+ "Zdiv(divﬁ~u{z u?+( r 7 )
il L L}
divf:EZY; div EZE:
L L t X
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~=~ + ~p + ~3+ ~4 where~1, —, ~3 and ~4 solve the systems:
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~=~ + ~»+ ~3+ ~4 where~1, -, ~3 and ~4 solve the systems:

( (
2~1= div~u=z "2F4 2= "?F,
~1(X; 0) = ~0 @~1(X; 0) = @~o; : ~(X; 0) = @~(x; 0) = 0
2~3="F3 2~1= F4

~3(X; 0) = @~3(x; 0) = O: ~4(X; 0) = @~4(x; 0) = 0:
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~=~1+~2+ ~3+~4 where~;, —, ~3 and ~; solve the systems:

( . (
2~ = div~u="2F; 2~ = "°F,
~1(X; 0) = ~0 @~1(X; 0) = @~o; : ~(X; 0) = @~(x; 0) = 0
2"‘3:"':3 2~4: Fa
~3(X; 0) = @~3(x; 0) = O: ~4(X; 0) = @~4(x; 0) = 0:

Finally we have the following estimate on

Y2k k

S

" §+ = "
Lf’WX sg 2;4 + 4 2 k@ kaWx sgp 3,4
ik Okal + §kmOkHX1

+ "MaTkdivdiv( u u) (  1r )k

nl+

s 2
L{ Hy O

+ " 2kdivou +r divu kg gy

+ Tkdivr Vka g oo+ " 2T 2div VKoo
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Estimates on Qu - Part 2
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Estimates on Qu - Part 2

Q('u)=r m@ "= div( u’)

Q('u)="r '@
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Estimates on Qu - Part 2

Q( 'u)=r " ldiv( 'u) '@ = div( u)

INTS

QU u)="sar M@

S

4 sg 3;4
tWX

it k@ 'k
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Estimates on Qu - Part 2
Q( 'u)=r M}@ "= div( u’)

Q( u)="sar M@

N

INTS

"%+ §k@ ) kL4WX sg 3;4
1 1
- =>0 If -~
4 2 2
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Estimates on Qu - Part 2

Q('u)=r m@ "= div( u’)

- =>0 If

AN
N
NI =

this analysis holds for physical regimes of order

M="= % 101
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Extensions
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Extensions

Model for plasma physics that takes into account the
temperature e ects and balance equation
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Extensions

Model for plasma physics that takes into account the
temperature e ects and balance equation

Bipolar models for semiconductors
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